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Abstract-This article is concerned with the study of the overall mechanical and electrical properties
of elastic dielectric composites by using the concept of material multipoles. In particular. by
developing a statistical continuum material multipole theory. the effects of the microstructure of
the inhomogeneities on the overall properties of the composites can be derived. In this theory.
inhomogeneities are modelled as point material-induced multipoles. The macroscopic fields ol>tained
from the ensemble average of the microscopic fields in the composite with statistically-distributed
inhomogeneities in a uniform matrix are described by statistical continuum material multipolcs in
the matrix. This theory. in comparison with classical eff~'Ctive medium theory. has the possibility of
attacking rather complicated problems such as. for instance. electromagnetoelastic composites. It
is shown that the statistical anisotropy and shape etTects of microscopic ellipsoidal p<lrticles and
their orientations on the overall effective properties of dielcctric eomp(lsites m<lY be obtained in an
e~plicit form. Also. the macroscopic constitutive relations of elastic diek'Ctric comp(lsites and their
macroscopic material parameters accounting for electroelastic interaction may be derived with the
use of this statistical continuum multi pole theory.

I. INTRODUCTION

The study of composite materials has received considerahle attenlion in recent years. To
provide some theoretically-predictahle models for composite materials in various practical
applications. certain assumptions to simplify the prohlems arc usually introduced due to
the complexity of the composite materials. For instance. deformation effects arc neglected
in siudying overall electromagnetic properties of composites. or electromagnetic effects arc
ignored in studying effective mechanical properties of composites (Kroner. 1959; Hashin
and Shtrikman. 1962; Beran. 1968; Miller. 1969; Jefl'rey. 1973; McCoy and Beran. 1976;
Van Beck. 1967; Hale. 1976; Christensen. 1979; Willis. 1983; Zhou and Hsieh. 1986). The
various approaches and models based on these assumptions may work well for many
applications but they may fail for others in which both electromagnetic and deformation
tields and their coupling ctfects arc important. Such examples. even for homogeneous
materials. arc numerous. for instance. piezoelectric ceramics and superconducting materials.
etc. (Ndson. 1979; Maugin. 19S4; Moon. 1984; Zhou et al.• 1986; Zhou and Hsieh. 1988).
Dilliculties arc. however. faced in atlempts to apply the classical cfl'ective medium theory
to study the overall response of dectromagnetic deformable composites. For instance. in
the case of using the well-known self-consistent scheme in the classical etfective medium
theory. the overall ellcctive constitutive relation for the composite has to be preassumed
as a known form with unknown ctfective material constants to be determined. Such a
procedure wil1. however. fail if one does not even know the form of the overal1 macroscopic
constitulive relation of the composite. which. in general. is the case with electromagnetic
deformable composites. The overal1 macroscopic constitutive relations and overall material
parameters of such composites have to be derived from both the knowledge of specific
material microstructures and the microscopic material properties of the composites.

In this article. the electrodastic coupling phenomena and their inOuences on the
overal1 behaviors of elastic dielectric composites will. therefore. be studied by introducing a
statistical continuum material mullipole theory (Zhou. 1987). In this theory. a composite
is modelled as a medium composed of a large number of inhomogeneous particles dis­
tributed in a uniform matrix. and the particles are assumed to be firmly bonded with the
matrix at their interfaces. The microstructure of the composite is supposed to be of a

t Part of this work was presented at the XVllth ICTAM. Grenoble. France (August 19KK).
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random nature so that a statistical approach is adopted. The inhomogeneous particles
are modelled as point-material-induced multipoles and the macroscopic fields from the
ensemble average of the microscopic fields in the composite are described by statistical con­
tinuum material multipoles in a uniform matrix.

To study quantitatively the overall properties of elastic dielectric composite
materials. a basic solution for an ellipsoidal elastic inhomogeneity with electric polarization
in an infinite elastic dielectric medium is first derived in Section 2. which shows that classical
Eshelby's elastic solution (Eshelby. 1961) is modified by the presence of electric~lastic

interaction. The overall behaviors of the elastic dielectric composites are then studied by
the statistical continuum material multipole theory. [t \vill be shown that the overall
macroscopic constitutive relations of the elastic dielectric composites as well as their overall
macroscopic material parameters accounting for the e1ectroelastic interaction effect can be
derived. Some quantitative calculations on problems with statistical anisotropy. shape effect
and electric~lasticinteraction are given for dilute composites.

1. ANALYSIS OF AN ELLIPSOIDAL INHOMOGENEITY IN ELASTIC DIELECTRICS

It is well known that classical Eshelby's solutions on elastic inhomogeneous inclusions
are of fundamental importance in studying the overall properties of various elastic com­
posite nt<lterials [sec. for instance. Eshelhy (1961) and Mura (1982)]. In this section. we
shall deal with the prohlcm of an electrically-polarized ellipsoidal inhomogeneous clastic
particle emhedded in an infinite elastic dielectric medium. In the case of mechanical eljui­
lihriulll. one has the following halance equation:

( I )

where t denotes the Cauchy stress tensor and f the hody force.
If the medium is purely clastic and can he characterized by the following linear Ilooke's

law

(2)

with C,lkl being the clastic moduli and u the mechanical displacement vector field. one may
find with the aid of the method of Green's function that the mechanical displacement field
u due to the body force f may be obtained as

(3)

where Gii is the c1ustic Green's function. which. for an isotropic medium. can be written as

(4)

where 11 and \' arc respectively the clastic shear modulus and Poisson's ratio of the medium.
If the material medium is not clastic and it is characterized by the following relation:

(5)

where (:';" denotes the inelastic part of the stress. we may find formally the displacement
field u which can be expressed with the use of the clastic Green's function as
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(6)

Using above results. we may now study the problem ofelastic deformation at a point x due to
the electric forces acting on an electric dipole centered at x' in an infinite elastic homogeneous
medium under the exertion of an electric field E. By using the method of Green's functions,
the elastic displacement field may be found as

( d) ( d).II,(X)=G" X-X'-2"' f,-+G'J x-x'+2"''/; (7)

in which "' is a unit vector of the direction of the electric dipole and d is the distance between
two point electric charges which constitute the ekctric dipole. f - and f - are the point
electric body forces given by

( . d.)
f' = qE x + i" and f ( ' d,)= -qE x - 2" (8)

where q denotes the point body charge. For an ideal point electric dipole p, resulting from
the limiting process of letting the distance between the two charge decrease indefinitely and
at the same time letting the amount of chargc increase in such a way that the product
p = (/ dn' remains a constant vector. the displacement. eqn (7). bccomes

II, (x) = G" (x - x') 1'1 £,Ax') - G" .• (x- x' )1'. £, (x') (9)

where the electric field has been assumed to be smooth enough such that all the high-order
terms O(d~) vanish during the limiting process.

Equ:ltion (9) shows that the elastic field caused by such an eb:tric dipole may be
modelled as that generated by an induced point elastic monopole at x' defined by

( 10)

and an induced point body fom: at x' detined by

(11 )

which vanishes for a uniform electric field.
Considering now an inhomogeneous p,lrticle with a continuum dielectric polarization

P embedded in an elastic dielectric matrix medium, which is subject to certain external
electric and mechanical loads (denoted by Ell and ull

), one may find that

and

E, = £:'+1 P~(x')G~dx-x')dx'
)'

I

(12)

(13)

where VI is the volume of the particle, and GC and Gli are respectively the electric and elastic
Green's functions for the infinite matrix medium. The superscript e is used to identify
quantities which arc related to ekctricitv.
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Here. one has assumed that the size of the particle is large enough compared with
molecular sizes so that it can be treated as a continuum. and that the dielectric polarization
of the particle is of the form

p :::; C:oX*E+ pO ( 14)

where pO denotes the spontaneous polarization. and X* the dielectric susceptibility of the
particle. It is also assumed that the dielectric polarization of the matrix material is so small
that the electric body force acting on the matrix may be neglected.

It can be seen from eqns (12) and (13) that the effect of such an inhomogeneous particle
embedded in an elastic dielectric matrix medium may be modelled by a distribution of
continuum electric dipole defined by

(15)

and the body force by

( 16)

and the continuum elastic monopole by

(17)

where 11& and 11C denote the perturbation values of the material properties hctween the
particle and the matrix. which. for the isotropic materials. rcad

(I M)

where i:( :::; f. 1I (1 +xJJ and /:*[:::; f. 1I (1 +X*)j arc respectively the permittivity of the matrix and
of the particle. and

(19)

where ;.• Jl and ;.*. It* are respectively Lame's clastic constants of the matrix and of the
particle.

In order to determine these induced continuum electric and elastic multipoles. one has
to solve eqns (12) and (13). which arc in general coupled since the clastic deformation
depends on the electric field which is dependent of the orientation of the particle which is.
in turn. affected by the elastic deformation. As a lirst approximation. we may ignore the
influence of the small change of the orientation of the particle. due to elastic deformation.
on the electric field. Thus. for uniform external electric and elastic strain fields. we find that
the electrically-induced body force vanishes ,lOd that the electric and cl.lstic liclds within
the particle are also uniform. and they become respectively

and

E (., 11/: LC) I (Ell I LCI)")-. = U,k + 'e- Ik . If. - f; k", m (20)

(21 )

where f!ij denotes the infinitesimal elastic strain tensor. and LC and L denote respectively the
electric and elastic depolarization tensors defined by
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(22)

(23)

which are constant tensors in the case of the particle being of ellipsoidal shape. Here. S/ is
the surl~1Ceof the particle. and n' the outer normal vector of the surface S,. For an isotropic
spherical particle. the electric and elastic depolarization tensors may be found explicitly as

(24)

and

(25)

and the electric and elastic strain fields in the spherical particle may be derived explicitly as

(26)

and

(27)

where sum is made over the sullix k. and for i :f. j

in which K = ;. +2Jl 3 is the elastic hulk modulus of the matrix. P the dielectric polarization
in the particle given by elJn (14). and E the electric field in the particle given by eqn (26).
It is shown that for an ellipsoidal elastic inhomogeneous particle with electric polarization
embedded in an infinite clastic dicle<.:tric medium. Eshclby's classical solution is modified
hy the pn:sence of an additional term on the right-hand side of eqn (21) due to the
c1ectroelastic interaction.

The stress fields within or outside the particle may be found by noting eqns (5), (6)
and (13) as

where the indicative function ,'(x) is defined by

(29)

{
I,

rex) = o.
x in V,

otherwise.
(30)

The antisymmetric part of the clastic deformation field in the particle may be studied by
introducing the antisymmetric deformation tensor defined by 2m = Vu - (Vu) T. After some
calculations. one can obtain

SAS 2M: 4-C
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(31 )

where the tensor L') is defined by

(32)

which. in the case of a spherical particle. reads

For a spherical particle. one can deduce explicitly from eqn (31) that

V V ° [. pO EOx u = x u + -------..- x
11(3f; +,1[.)

(33)

(34)

which gives the proportional relation between the rotation vector and the electric moment
caused by the spontaneous polarization of the particle. It is shown that the rotation vector
of the spherical particle is independent of the elastic properties of the particle. and it is also
a constant vector within the particle under uniform external loads. It should be noticed that
formula (34) may only be used to predict small rotations of the particle since the solution
is derived from a small (infinitesimal) deformation theory. For large rotations of the particle.
one needs a finite deformation theory.

It is shown that a basic solution of an ellipsoidal elastic inhomogeneity with electric
polarization embedded in an infinite elastic dielectric medium can be obtained with the use
of the multipole approach. It is found that under the exertion of uniform electric and elastic
loadings. the elastic strain and electric field in the ellipsoidal elastic inhomogeneity with
ekctric polarization arc both uniform and can be determined in general by eqns (20) and
(21). The inhomogeneous particle can also be rotated uniformly due to the electric moment
acting on the inhomogeneity with spontarlt:ous polarization. as shown in eqn (34). It is
shown that Eshelby's classical results for an ellipsoidal clastic inhomogeneity embedded in
an infinite elastic medium are modified in the case of elastic dielectrics by the presence of
the electric-elastic interaction.

3. STATISTICAL CONTINUUM MATERIAL MULTIPOLES

It has been shown that an inhomogeneity embedded in a matrix medium may be
modelled as continuum material multi poles in a uniform matrix medium. Composite
materials may. however. be composed of many such inhomogeneities. In addition. though
some of the composites may have a regular structure such as laminated media in which the
material properties can be well defined periodically. there is. however. a large class of
composite materials in which the microstructure is so complex that it is hardly feasible to
define its materi.a1 properties at each point. It is more likely. instead. that only a certain
amount of statistical information on the microstructure of the composites is available. Such
composites arc. for instance. dispersion-strengthened. partiele-reinforced. and chopped­
fiber-reinforced materials. To study this class of composite materials with large numbers
of randomly-distributed inhomogeneous particles. a statistical approach will. therefore. be
adopted and the concepts of statistical continuum material multipoles will be introduced
in this section.

We shall start with the generalization of the concept of statistical continuum elastic
multipoles (Zhou and Hsieh. 1986) to the case where some random parameters accounting
for the microstructure of the body-force array are required. Then. concepts of statistical
continuum electric and magnetic multipoles may be considered similarly.
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In analogy with the Gibbs ensemble used in classical statistical mechanics. we may
imagine a great number of independent samples identical in the sense of having the same
macroscopic elastic property. the same geometric shape and subject to the same number of
point body-force arrays. but varying in an undetermined manner in the distributions and
orientations of these point body-forces from sample to sample (Fig. I).

The total elastic displacement fields in a given sample due to these J/ body-force arrays
can be written in general as

I \f 1 It) ~ ~ (-I)' P'
II,(X; x ....• X .w ..... w = L. L.-i"-- l',.J.G".." •• (x.x')

>=Ik-O .

(35)

where x' is a random variable (varying with different samples) which indicates the center
position of the :xth point body-force array. and W

X is a random parameter (probably several
parameters) characterizing the microstructure of the body-force array. G'I is the elastic
Green's function of the sample. which is supposed to be an infinite elastic medium. P:""
is the elastic multipole moment of order k for the :xth point body-force array. For force
arrays in self-equilibrium. we have P; = O. If the point body forces are permanent in the
sense that they are independent of each other. we may write

.... 1')

f" P ( ., ') "J'/I(' X) 1/1 ( ., X) 1/' ( ., X)-'\', \'", = Ifl'... X .(t) = ~ I X .(0 (f
1

X .0) •.. ( f. X .(f)

/I-I
(36)

where N (:x) denotes the numher of the point body-forces in the :xth point hody-force array
and d"(:x) denotes the 11th position vector from x' to its corresponding position of the point
hody-force f"(-x). If the point hody-forees arc of the induced type so that they arc dependent
on each other due to interaction among themselves. we shall. in general. have

'iiI 'I

P' -" /'/'(x" Xl X,It 1 .I,) IJI 1"r\ I \, - L- _ I • •• ••••• • OJ ••••• (tJ (f I ••• c t ..,

/'- I

(37)

which me.lIls that the elastic multipolcs modelling the ::tth point body-force array are
dependent of other hody-force arrays. their positions and distributions etc.

With the aid of the joint-probability density functionf(O I •...• nIt) with 0' = (xx. w').

the ensemble .tverage of clastic fields due to the randomly-distributed point body-force
arrays may be expressed as

, (- I)k i -
(II,)(X) = L k' . Pj.., .... (X')G'I.J, ..J.(x. x')dx'

k .0 . I
(38)

where we have introduced the statistical continuum elastic multipole of order k. deli ned by

o
Fig. I. A distribution of point body-force arrays.
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(39)

- r.,.r J'(AI AH)p'
""4 - In In ~~ ..... :..~ J.~I

'--y--J
H - I

'. dO I , . , dO' .. I dOH I , . ,dQ\f (40)

where Q is a defined space. Q '== Vx r. in which V is the volume of the material body and
f is a parameter space. w' E r.

In the case of permanent point body-force arrays. eqn (39) may be reduced to

where

with

i\.,.(x') '== rp(O')P'" ,,(O')dr'Jr

If

p(O') '== L W,(O')
1:"'" I

w, '== r.. ,rf(U ' ,., .• UH)dn ' ... lin' I lin"I ".d!}\(,JII JII
'--y--J

.\/ I

(41 )

(42)

(43)

The physical meaning of lhe fum:tion II' p(U') df' Illay be explained <IS the number of the
clastic multi poles per unit volume since one has

rp(Q') dO' '== f (r p(Q')dr')dX' '== M,Jo v Jr (44)

It is shown that the ensemble-average elastic fields due to a st<ltistically-discrete distribution
of point body-force arrays may be moddled as the clastic fields due to a distribution of
statistical continuum elastic multipoles as defined in eqn ()I.) or eqn (41),

Similarly, for ,'11 randomly-distributed point body-charge arrays in a dielectric body,
we find that the ensemble average of the electric field due to the randomly-distributed point
body-charge arrays may be expressed <IS

r. (- I )k • I i -
(E,)(x) '== L----:,---- p~ • . ,.(x')G~".,.<x,x')dx'

k.O k. I
(45)

where we have introduced the statistical continuum electric multipole of order k, defined
by

(46)

in which
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~~J, = L···Lf(OI ..... O\l)P~~J. dOl ... dO·- 1 dOHI
... dO w (47)

'----v--'
,W ~ I

with p~~J, being the electric multi pole moment of order k for the :xth point body-charge
array. defined by

N(2)

p.' "P( .. I M 1M) iP iii
"I, ..J. = ~ q x "x , ... ,X, "w , ..... w 's,o··'r.·

P~ I

If the etth point body-charge array is self-electrically neutral. we have PC' = O.
In particular. if the point body-charge arrays are of permanent type. i.e.

NI,)

PC> _ pc (., ') _ " p(' ') i lf (., ') iii (' ').',,,,,'. - .',,,.'. x.w - L.. q x.w (" x.w .. . t,. x .(1)

P~I

(48)

(49)

then the statistical continuum electric multi pole of order k may be expressed simply by

(50)

where 1'(0') is given by eqn (42).

4. STATISTICAL CONTINUUM MUI.TIPOLE MODELLING Of MATERIAL COMPOSITES

To illustrate the usc of statistical continuum materbl multipoles. we shall consider. in
this section. the statistical continuum electric and elastic multipole modelling of clastic
dielectric composite materials with a large number of M statistically-distributed inhomo­
geneous particles with electrical polarization. All particles will be ,Issumed to h,lve the same
shape. the same size and the same strength of spontaneous electric polarization but they
can have different orientations. Other types of material composites may be studied similarly.
To formulate the problem mathematically. one has several possibilities with regard to the
composite specimen shape and boundary conditions. To avoid using the concept of an
"infinite" specimen as well as the convergence dilliculty (Jeffrey. 1973). we shall consider a
finite spherical specimen. which is assumed to be perfectly embedded in an infinite homo­
geneous elastic dielectric medium with the same material properties as the matrix of the
composite (sec Fig. 2).

The problem of interest to us is to find the overall properties of such an elastic dielectric
composite. The geometrical arrangement of the inhomogeneities in a given sample of the
composite is specified by the indicative functions

Inhomogeneities

fb.--'-~/'.7":: e~..il''''· IIcf.:O·,i ••_.e.~: -
....•'- \~/
'..-1"".- .... e> t/l;Oi' ,

"4!P__~~.~

Matrix Effective Medium

Fig. 2. A matcrial composite of sphcrical shapc.
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{
t.

'/(X) = o.
x in VI

otherwise (51 )

where J'I is the volume of the 2th inhomogeneity (:c = 1.2•. , ... Al). The dimension of the
inhomogeneities will be always assumed to be much smaller than the dimension of the
composite specimen. but much larger than the size of the molecule (or atom) such that the
inhomogeneous particle may be treated as a continuum with permittivity £* and elastic
moduli C·. With the aid of results given in Section 2. the microscopic electric and elastic
fields in the composite under the action of external fields (EO and ul) may be written as

(52)

and

(53)

By noting the gcometrical arrangements and the orientations of the inhomogeneities. C4 ns
(52) and (5.1) can DC further c~rn.:sscd as

(54)

and

(55)

in which I·IHII. El'i. f l ,) and pl'l are respectively the permanent electric polarization, the
electric lield. the induced ekctric body force and the induced c1ustic dipok density ddint:d
in the xth inhomogeneity. which ,tre. in general. dependent on the geometrical arrangements
of 4111 other inhomogeneities due to intemction among themselves.

H<.:re. we introdlll.;e the notation n' = (x', V\ ,/I', w') and

(56)

where x' is the position vector of the gravitational center and Q' the orientation tensor of
the 'Xth inhomogeneous ellipsoid, which is an orthogonal tensor, defined by

(Q~) =

(

COS 1/1' cos OJ' -cos 0' sin!/J' sin oj'

cos (fJ' sin ,/I' +cos 0' cos ,/I' sin WI

sin lr sin w'

- cos '/J' sin WI -cos 0' sin "" cos 0)'

-sin 1jJ' sin w'+cos 0' cos 1jJ' cos w'

cos w.. sin 0'

sin '/I'. sin ff)
- cos tp' sin 0'

cos (}'

(57)
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Fig. 3. Phase geometry of the composite.
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where U·. 1/1' and w' are the Euler angles of the etth inhomogeneity (see Fig. 3).
In particular. for inhomogeneities with an ellipsoidal shape of revolution. we may let

uJ' = 0 and the orientation tensor is reduced to

- cos O' sin 1/1'
cos (J' cos 1/1 I

sin if

sin rr sin 1/1')
-sin(rcosl/l ' .

cos 0'
(58)

For spherical inhomogeneous particles. we h,lve simply Q~, = /5". whidl is the Kronecker
delta. By a Taylor expansion of the Green's function. eqns (54) and (55) may he written as

E,(x;!2' •...• !2\/) = E,o- i f ~-:-k~:)~p~~', .. (n' •...• n\l)G~,',.(X-x.) (59)
1 - I k - I .

M

( . £'\1 £'\\1) 0+ " }'(I'(£'\I n.\l)G ( ')Il, x,~" , ... ,~" = It, L- J ~l., .•• , .11. I} X - X
z - I

which shows that given discretely-distributed inhomogeneities may be modelled by a discrete
distribution of the induced electric and elastic multi poles. dclined respectively by

(k = 1.2, ... ) (61 )

and

fl" = r p~z, £j~~ d~ (62)Jv,

for k = 1,2, .... where Y:, ... Y:. = 1 when k = I. It is also shown that the total resultant
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charge (the zeroth order of the electric multipole) of the point-charge arrays modelling the
inhomogeneities vanishes. since these inhomogeneities are self-electrically neutral. The
induced body-force term due to the electric and elastic interaction given by eqn (621. in
general. does not vanish. If, however. the microscopic electric field inside the particlcs is
uniform. this term will be zero.

Considering now an ensemble of large numbers of such samples. the enscmble avcragc
of the electric field and the elastic displacement field in the composite may be expressed by

(64)

(65)

wheref(O' .....nu ) is the M-point joint probability density function. and (reU which is
a defined space. U:::: V R x r. in which r = (O.n) x (0. 2n) x (0. 2n) is a parameter SpiKe and
VR the volume of the composite specimen.

Equations (64) and (65) show that the macroscopic ensemhle average hehavior of such
M statistically-distributed inhomogeneous particles may be modelled overall by a dis­
tribution of induced statistical cOlllinuum electric and elastic multipoles defined respectively
by

pc (x'):::: ~ iZ<ltl (U')dr'
fit" L,.,. .'1 l\~

,_ I r

and

(67)

(6X)

where

Z~~~I., = f ... f f(U' •...• OM)P;~~'" dO' ... dO' I dUn-I ... dO tl (69)
Ju Ju
~

M-I

and

Z~tl = i···i f(O' •.... utI)f~'I(O'•.... OIl) dOl ... dO' I dO' ~, ... clU" (70)

~
M-I

Z::: ..., =i ..·i f(O', .... Ou)P::~" dOl ... dU' 'dun, ... dUtl
(71)

~
M--I

in which dU'-' = I when ex = I and dUH
I = I when :c = !If.
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Some special cases may be of interest. If the electric and elastic multipoles modelling
the lth inhomogeneity do not ex.plicitly depend on the geometrical positions and orientations
of its surrounding inhomogeneities, i.e.

(72)

and

(73)

(74)

eqns (66), (67) and (68) may be reduced to

and

J~(X') =Lp(Q')}j(Q') dr'

(75)

(76)

(77)

where lhe function ,,(n') is dclined in eqn (42). Examples of such cases may be dilute
suspensions or systems in which the microscope electric and elastic fields in the particles
may be solved by using the self-consistent scheme .tpproximation. Other cases, such as
systems suitahle for the pair interaction approximation or the nearest interaction approxi­
mation. may also exist and eqns (66)-(68) can also be simplilied. It is seen that reasonable
approximations may not only simplify the many-body interaction problem, but may also
make it possible to obtain the necessary statistical information in many cases.

5. EFFECTIVE PROI'ERTIES OF COMPOSITES WITII RANDOM MICROSTRUCTURES

The problem of interest in this section is to sec how the proposed statistical continuum
mullipole approach can be used to find explicitly the effective properties of the composite
and the statistical anisotropy and shape effects of the microstructures on the overall prop­
erties of composites with randomly-distributed inhomogeneities. For simplicity. we shall
study clastic dielectric composites in which the electroelastie interaction effect is ignored.
The problem of linding the effective permittivity and the effective elastic properties of
the composite is thus fully separated. We may now consider the following microscopic
constitutive relations

and

D = (£+ t .1£'/)'E
.- I

t = (c+ t .1Cy.): e.-1

(78a)

(78b)

where i'x is the indicative function of the ccth inhomogeneous particle. The ensemble average
of relations (78a) and (78b) then gives
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(t):= C: <e>+ilC: (t /e).

179a)

(79b)

Due to the linearity of the problems, thc microscopic electric and elastic fields in the :lth
inclusion (:x = 1,2..... M) may be expressed by

and

£hl {,!: • n I nil) _ T' (" .... I nIl) £11
~ "II. .. ••• .. .1, - tI ~ 'I' 11. .,. ••• " J ..

,(ll(,!:. rol ..... ,,) _ A' ('!:."'" I ......1') ,Il ,!: V
~'I ~.~" ..... ~" - 'ikl".~"."·.U t~l. ~E [

(SOa)

(80b)

where tensors T' and A'. in gcneral. an: unknown beforchand and h.tvc to be determined
by solving the equittions of microscopic eh."\"7tric and elastic tields.

With the uif 'If electric nnd da:-tic multipole modelling. the microscopic electric and
elastic lieMs in tht composite may bl: written respectively as

(Ria)

.md

in which

where

and

with

JI

"'" = I),} + L U~J
II ~ I

.\/

8,,1.1 = ii,.i5,1+ L r;I,kI
I' • 1

(81 h)

(R2a)

(82b)

(831.1)

(83b)

(84)

The effective properties of the composite can thus be detcrmined hy comparing its definition

(8Sa)

and
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(t> = Cdr: (e)

with eqns (79a.b), which leads to the result

and
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(85b)

(86a)

(86b)

Obviously to perform the ensemble average. the details of the statistical information on the
microstructure of the composite have to be given. In addition, to complete the calculation.
one has to find the microscopic electric and elastic fields in the particles, which seems to be
impossible in practice because of the complicated many-body interaction problems as well
as their statistical character. Some physically reasonable assumptions are, therefore. needed
to simplify the problem and make it solvabk. For instance. for small-concentration sus­
pensions. a first-order appro:\imation can be made by neglecting interaction between
particles. where classical solutions of .t single inhomogeneous particle embedded in an
infinite medium may be used [sec Eshelby (1961). Mura (19X2) and Boucher (1973)].
Higher-order appw:\imations accounting for some interaction eUccls have 'llso been pro­
posed as. for instance. the nearest interaction model of using a solution of a pair of
interactive particles [secJclrrey (1973. 1974) and McCoy and Beran (1976)1 and the classical
sclf-consistent scheme [see Hershey (1954) and Hashin (196X)j. For weakly-inhomogeneous
composites. theories of bounds and classical perturbation methods have been used quite
successfully [see Hashin and Shtrikm'lIl (1962). Ber'lIl (196X), Hori (1973) and Willis
( 1977)J.

In this section. we shall use the statistical continuum multipolc approach to study the
clrcctive properties of an elastic and dielectric composite with M statistically-distributed
identical inhomogeneous elastic and dielectric ellipsoidal particles with elastic moduli C*
and permittivity /;* embedded in a homogeneous matrix with clastic moduli C and per­
mittivity I:. To sec how the statistical continuum multipole approach works, we consider a
dilute suspension system, i.e. the eUcct of interaction between particles may be neglected.
Under the assumption of the statistical homogeneity but not necessarily statistical isotropic
on the geometric arrangement of the inhomogeneous particles, the probability density
function (sec Section 3) can be introduced as

in which

M

p*(r') = L ~v:(r')/I\l
• - I

where

w:(r') =L.. ·L lI'(r' ..... rM)dr' ... dr·- ' drH' ... dr'"
'---y----J

"'-I

with the normalization condition

(87)

(88)

(89)
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l··J w(r' ..... rM)dr' ... dr" = I. (90)

In the dilute approximation. the microscopic electric and elastic strain fields in the :xth
ellipsoidal inclusion (particle) may be found. as a single inhomogeneous ellipsoid with a
certain orientation in an infinite matrix subjected to the external electric field EO and the
external strain field eO. to be

(9Ia)

and

(9Ib)

where TIJ and A'/ki are the transformation tensors that characterize respectively the electric
and elastic field in an ellipsoidal particle with its axes coincide with a chosen coordinate
system (see Fig. 3) in which 8 = O. '" = 0 and w = O. They are both known constant tensors
[see Stratton (1941) and Mura (1982)].

The electric and elastic multipoles defined by eqns (61 )-(63) can thus be found by
inserting eqn (91). For instance. the electric dipole is found as

(92)

where one has set 1»0(., = 0 for inhomogeneous particles without spontaneous polarization.
and the elastic monopole is found as

(93)

where only the clastic contribution is considered.
An interesting result in the case of statistical homogeneity is found; since the statistical

continuum electric and elastic multipoles defined in eqns (75) -(77) are independent of x'
in the dilute approximation. eqn (64) can be reduced to

( E >= EO _ ~j5cLc
m mE; tnt

where pc is the statistical continuum electric dipole moment given by

(94)

(95)

with I = M Vt/ VR being the volume fraction of inhomogeneous particles in the composite
and l! the electric depolarizing tensor given by

(96)

for x inside the spherical volume VR • Here. the matrix and the particle are both assumed
to be isotropic for simplicity.

Also. from eqn (65). one can find the ensemble average of the elastic strain fields in
the composite by

(97)

where Plk is the statistical continuum elastic monopole moment given by
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and L ijkl is the elastic depolarization tensor defined by

L'jkl = - ~ r (G11./ + Gjl•r)nk dS'Js"
which can be given explicitly from eqn (25) for isotropic elastic matrix media.

Now. comparing eqn (94) with eqn (8Ia). we find

and. comparing eqn (97) with eqn (8 Ib). we get

(99)

(100)

Furthermore. by noting eqns (80a) and (9Ia). we find

and. by notingeqns (SOb) and (9Ib). we get

(102)

Thus. we have obtained. in general. analytical expressions. eqn (86) and eqns (100)-( 103).
for the determination of the effective permittivity and of the effective elastic moduli of a
statistically-anisotropic dielectric and elastic composite in the dilute suspension approxi­
mation. provided that the probability density function p*(r') of the statistical distribution
of orientations of the particles is given.

For simplicity as well as for the similarity of the dielectric and elastic problems. we shall
now consider a concrete example in which we would like to find the effective permittivity of
a (rigid) dielectric composite with M statistically-distributed identical inhomogeneous rigid
ellipsoidal particles. We assume that the dielectric composite contains M ellipsoidal inhomo­
geneous particles which are statistically distributed in a uniform matrix. The orientations
of the particles are assumed to be characterized by the Guassian distribution

(104)

where (1 is a statistical parameter determined and controllable by the method of manufacture
of the composite. and C is the constant determined by the following normalization
condition

II' p*(r') dr' = I.

According to Stratton (1941), we may write explicitly

(105)



440

where

in which

and

and
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Qk,(f')QIj(f')T,; = I ;.,Qkr(f')Qdf')
,- 1

( ~ )-1
;., = I+abc 2: B,

(106)

( 107)

(108)

(109)

(\ 10)

where a. hand c arc the axes of the ellipsoid.
(t can then be seen from eqns (86a). (100) and (102) that the shape effect of the

inhomogeneous particles on the overall c1ectric permittivity of the wmposite is taken into
account in the parameters ;., (i = 1.2.3). while the clfcct of the statistical orientations of
the particles is taken into .lIxount by the orientation tensor Q( f') as wdl <IS the probability
density function {/*( f'). (n the case of spherical inhomogeneous particles. the problem is
much simplified and we have

( II I)

and

and

(

.11 • » 3/;/.
I 't' T k } = 3 -.4: 6k j'
>~ 1 I: +ul.

(112)

( 113)

The effective permittivity of a composite with dilute spherical inhomogeneous particles can
thus be obtained as

( 114)

which is in accordance with the Rayleigh mixture formula (Rayleigh, 1892) obt'linable by
using a volume-average method. The equivalence of the ensemble avemge and the volume
avemge is then proved in this case. It should be noticed. however. that real physical systems
very rarely satisfy the ergodic hypothesis (Kroner. 1986). The result also shows that the
derivation of the Rayleigh mixture formula for a composite with statistically-homogeneous
distributed dilute spherical particles is independent of the assumption of statistical isotropy
for the composite provided that one ignores the interaction among particles.

To see explicitly the shape effect of inhomogeneous particles on the overall effective
properties of a dielectric composite. let us consider ellipsoidal particles (with a = b). (f one
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assumes that all directions of the orientations of the particles are equally probable. the
probability of the particle orientation being within the range (0'.0' +dO') and (l{!'.l{! +dl{!')
then reads

p*(f') df' = 4
1
rr sin 0' dO' dl{!'. (115)

Using eqns (58). (86a). (100) and (102)' the effective permittivity of the dielectric composite
can thus be derived as

(116)

in which the shape effect parameters ;'1 and ;.~ are given by egns (107)-(110) with a = b.
For c » a. one has the rod or needle type of particle. For c « a and close to zero. one has
the disc type of particles. For c = a. one gcts the spherical particles. The numerical results
of the effective permittivity for different types of particle shapes are shown in Fig. 4.

It is shown that for fully-random orientations of ellipsoidal particles. the ensemble­
average behavior of a dielectric composite displays an isotropic property. If now the
orientations of the particles (a = h) have a preferred direction. say in the direction of the
x,-axis (Oil = 0). and if their statistical distribution is represcnted by a Guassian distribution
(104). one can then write

p*( f') d f' = C exp ( - (T~O'~) sin 0' dO' dl{!' ( 117)

where (T is a statistical parameter characterizing the standard deviation of 0' and C is a
constant determined by eqn (105). which can be written as

(118)

After some calculations. we can obtain

w 4.0 (1) cia 0
...... (2) cia 0.4........ (3) cia 1.0

Qj (4 ) cia 4.0w

>- (5) cia......
> 3.0 6E/E= 2.0......
OJ...e
Ql
p.

Ql
> 2.0......
U
Ql........
w

1.0

o 0.2 0.4 0.6 0.8 1.0

Volume Fraction f

Fig. 4. Shape effect of ellipsoidal inhomogeneous particles on the effective permittivity of the
dielectric composite.
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( 119)

where the dimensionless parameter '1 is defined by

(\20)

with the constants A I and A 2 being given respectively by

and

( 122)

It is shown that the overall effective permittivity of the composite can hI: anisotropic.
provided that the orientations of the microellipsoidal particles statistically ha VI: a preferred
direction. In the considered (transversely isotropic) case. the m<lcroscopil.: effective pcr­
mittivities arc found to have two independent constants and they arc given in eqn (119).
The dependence of some numerical values of the macroscopic anisotropic parameter 'Ion
the statistical parameter rr and the sh<lpe of the microparticlcs is shown in Fig. 5.

6. OVERALL BEHAVIOR OF ELASTIC DIELECTRIC COMPOSITES

This section is concerned with the study of the overall behavior of an elastic dielectric
composite. in which some effects of the interaction between the c1ct:tric field and clast it: lield
arc taken into account. The constitutive relations characterizing the overall bchavior of the
el"lstic dielectric composite will be derived with the use of the statistical continuum multipolc

f :II 0.3

(je/f. = 2.0

1.4
(1) cia 0
(2 ) cia 0.4
(3) cia 1.0
(4 ) cia 4.0

1.2 (5) cia

1.0
(3)

~

~

Ql.,
Ql

~...
'II
Q"

U
-.oi
0.
o
t: 0.8
o
III

-.oi
I::
~

0.6 -f----------r----------;
o 2

Statistical Parameter 0

Fig. 5. Statistical anisotropy and shape effects of inhomogeneous particles on the ctfcctivc
permittivitics of the composite.
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approach. in which no pre-assumptions on the macroscopic constitutive relations of the
composite are needed. This result thus makes the statistical continuum multipole approach
superior to the classical etfeetive medium theory where the effective constitutive relations
of composites have to be pre-assumed. To make a distinction. we shall call the derived
governing equations for the overall behavior of the elastic dielectric composites the overall
macroscopic constitutive relations and call their coefficients the overall macroscopic
material coefficients rather than the effective constitutive relations and the effective material
coefficients defined in etfective medium theory.

Consider an elastic dielectric composite with J[ randomly-distributed elastic dielectric
inhomogeneous particles. The material properties of the matrix and the particles are sup­
posed to be the same as those described in Section 2. With the use of the result given in
Section 2. we may find that the ensemble-average electric polarization and elastic stress
tields can be expressed in the following form

( 123)

and

To perform the enscmble average. the detailed solution of the microscopic fields has to be
obtained. For simplicity. we consider an elastic dielectric composite with dilute suspension
of spherical inhomogeneous particles and make the assumptions of statistical homogeneity
and statistical isotropy for the composite. To first order. the interaction between particles
is ignored for the dilute system. and the influence of the small change of particle orientations
caused by small elastic deformation on the overall electric field is neglected. In such a case.
after some calculations. we can obtain

(P) = f. lI X'"·'«E)

where the overall macroscopic dielectric susceptibility can be written as

. 3l:j"l1x
X""" = X+ '.

31; + (I - J )111:

( 125)

( 126)

which is in accordance with the classical Rayleigh mixture formula for the cfrective dielectric
susceptibility of composites with dilute spherical particles in the rigid-body approximation.

The ensemble-average strain lield may be written as

(1',,) = (':~+L"kJPkJ (127)

where the statistic.1I continuum elastic monopole moment f\ may be found from eqns (63),
(74) and (77) as

( 128)

where the sum is over the sullix i. and for i #= j

SAS 28:4-0
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By noting eqns (::!5) and (94). we finally arrive at the result that the overall macroscopic
stress in an elastic dielectric composite with dilute spherical particles in the absence of
permanent electric polarizations may be written as

(130)

where the overall macroscopic elastic moduli read

(131 )

and

( 132)

which arc in accordance with dassic'll results for the el1cctive elastic Illoduli of an e1'lstic
composite with dilute spherical particles in the case of no electric forces [see. for instance.
Christensen (1l)7l)I.

By taking into account the dectrod'lstic interaction. it is found frolll eqn (130) that
there arc two new dimensionless mal:rosl:opic dedrodastil: parameters n:sponsihle for the
overall hehavior of an clastic dielectric composite material. dclined by

and

fx.*r = .- .._-- ... ." .. - . ----..-..

[
66/I(I-/)(I<+2/I)J[ . 6tJ! mlc1+-··-------- I +(I-j)-- X'

511(31< +4}t) 31:

( 133)

(134)

where / denotes the volume fraction of the particles. The numerical results of the two
parameters arc shown respectively in Figs 641 and 6b for some combinations of different
two phase materials.

The equations obtained. (125) and (130). may be used approximately as the overall
macroscopic constitutive relations of the compositc. provided that applied electric and
mech.tnical loads do not have significant variations within any represent.Hivc volume
which is macroscopically small compared with the total volume of the compositc. but is
microscopically large enough to contain many particles. However. when treating composites
with loads having signific.tnt variations within the scale length of sevcral particles. such as
crackcd composites. the elTect of high-order multi poles has to be. in general. taken into
account. In addition. if the particles in the composites have spontaneous electrical polar­
izations pOnt (2 = t. 2..... A.f). a stress term f1n(pn)!(}ii with
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1.0
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Fig. 6a. M,leroscopic dectrodastic parameter ~ and its dependence on the volume fraction of the
particles and the microscopic matcrial properties.
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Fig. /lb. Macroscopic dectroclastic paramclcr r and its dependence on the volumc fraction of the
particles and the microscopic material properties.

/(3c+ dl: -r.oX·)(II) = .- -..-- ..-.-----.- .._---_.-

[
3dl\(I-f>] ,

3 1+ --34- (3r.+d/:)­
1\ + JI

(135)

is found to be present in cqn (130). This stress term exists even in the absence of external
electric and mechanical loads. and. therefore. may be considered as the internal stress in
the composite. The presence of the internal stress is physically understandable since the
internal electric field caused by all permanent electric dipole moments of the particles will
generate electric forces and torques on the particles. which must be balanced by mechanical
forces in equilibrium state. The presented example shows the advantage of the statistical
continuum multipole model in comparison with the classical effective medium theory where
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the formal effective macroscopic constitutive relations for the composite have to be assumed
beforehand. which. however. as shown. may be unknown for complex electromagnetic
deformable composite materials. Similar results may also be obtained for certain elastic
magnetic composite materials due to the analogy between electric polarization and
magnetization.

7 CO~ClliSrO~S

A statistic..11 continuum material multipole theory has been developed in this article to
treat problems ofelastic dielectric composites with large numbers of statistically-distributed
inhomogeneous elastic dielectric particles. A basic solution accounting for the c1ectroelastic
interaction of an ellipsoidal inhomogeneous particle with electric polarization in an inllnite
clastic dielectric medium is Ilrst derived. which modifies the classical Eshelby's elastic
solution for an dlipsoidal elastic inhomogeneity in an elastic medium by the presence of the
elcctroelastic interaction. With the use of the solution. the overall macroscopic constitutive
relations for elastic didectric composites us well as their overall macroswpic material
parameters accounting for the elcctrodastic interaction arc then obtained. It is found that
irthe medmnical behaviors of the matrix and the inhomogeneous particks are both assumed
to be described microscopically by Hooke's laws. the overall macroscopic mechanical
constitutive relation of the elastic dielectric composite can. however. be of mm-Hookean
form. rurthermore. overall internal stresses may exist in an elastic dielectric composite with
inhomogeneous particles having permanent electric dipole moments due to the elrects of
electric forces and torques acting on the microscopic particles. Illustratively. the statistical
anisotropy and shape el1Ccts of ellipsoidal inhomogeneous particles and the ellcct of their
orientations on the overall elrecti\l.~ propertil:s of thl: elastic and diell:ctric composiLl:s
haw also heen studil:d and fonnulatl:d I:xpliciLly wiLh thl: USI: of the statistical continuulll
Illultipok approacll. This thl:ory Lhus prl:sl:nLs its advantages of uniformity. gl:nl:rality and
possihility of trl:ating morl: complicated illll:raction and electromagnetoclastic coupling
phl:nollll:na in composite matl:rials.
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